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Abstract  
Experimental studies o f  the steady s ta tes  described by some nonl inear d i f f e r e n t i a l -  
d i f ference equations have been ca r r i ed  out. Various types o f  se l f -exc i  t e d  osc i  l- 
l a t i o n s  and t h e i r  b i f u r ca t i ons  i n  computer simulated systems a re  surveyed. 
1. INTRODUCTION o f  (1) and (2)  w i l l  be described. Before g i v i n g  
the de ta i l s ,  the  fo l lowing remarks should be noted: This repor t  deals w i t h  o s c i l l a t o r y  steady s ta tes  
( i )  The hybr id,  i .e., ana log-d ig i ta l  , computer i s  
which occur i n  systems described by the fo l l ow ing  
used t o  solve equations (1)  and (2).  An o u t l i n e  of two d i f f e ren t i a l - d i f f e rence  equations: 
+ s i n  e ( t  - L )  = 6, 
d t  
h+ 0 + ( 2 ~  - 0) cos e ( t  - L)  + + s i n  e ( t  - L) = 6 .  (2)  
d t2  
These equations are  mathematical models o f  phase- 
locked-loops (PLL) w i t h  t ime delay. Synchronized 
states o f  the  PLL are  represented by the  e q u i l i b r i -  
um po in ts  o f  the  equations. F i r s t l y ,  t he  parameter 
regions are important from the engineering p o i n t  o f  
view, i n  which a l l  i n i t i a l  condi t ions lead t o  quies- 
cent steady states.  The regions, i.e., p u l l - i n  
ranges o f  the  PLL, were already reported i n  [I]. 
Secondly, o s c i l l a t o r y  steady s ta tes  are o f  scien- 
t i f i c  i n te res t .  By using a hyb r i d  computer, t h i s  
repor t  surveys se l f -exc i ted  o s c i l l a t i o n s  and t h e i r  
b i f u r ca t i ons  obtained by varying the system param- 
eters. 
2. EXPERIMENTAL RESULTS 
I n  t h i s  report ,  steady s ta tes  w i l l  mean asymptoti- 
c a l l y  s tab le  equ i l i b r i um points,  per iod ic  so lu t ions ,  
and so f o r t h  o f  (1)  and (2) .  I n  the f o l l ow ing  the 
experimental r e s u l t s  leading t o  the s teady3 ta tes  
the  computer block diagram i s  given i n  [I]. 
( i i )  When we compute the solut ions,  the i n i t i a l  
cond i t ion  i s  usua l ly  given by 
e ( t )  = constant f o r  - L 2 t 2 0. 
F i x i ng  the boundaries o f  the regions f o r  t he  d i f -  
f e ren t  types o f  steady states,  we change the type 
o f  steady s t a t e  by slow va r i a t i on  o f  the  parameter 
6. 
2.1 CLASSIFICATION OF STEADY STATES 
The t r a j e c t o r i e s  o f  the  steady s ta tes  o f  ( 1 )  and 
(2) can be represented on the c y l i n d r i c a l  phase 
plane (e, e )  as shown i n  Figure 1. The types o f  
steady s ta tes  i n  the computer simulated systems can 
be roughly c l a s s i f i e d  as fo l lows:  
(a) Equi 1 ib r ium po in t :  There are two equi l i brium 
po in ts  f o r  ( 1 )  and ( 2 ) .  
n = s in- '  6, ( 3 )  
B = n - sin- '  6. (4)  
_------ 
Limit Cycle of the 2nd kind 
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Figure 1. Cy l i nd r i ca l  phase plane (0, 6 ) .  
Figure 2. Regions of d i f f e r e n t  steady s ta tes  
f o r  the system represented by (1).  
The one given by (4 )  i s  always unstable, wh i le  the t e n i n i s t i c  nature o f  the equations. S im i l a r  t o  
s t a b i l i t y  o f  the p o i n t  given by (3) depends on the ord inary  d i f f e r e n t i a l  equations (ODE), a chaot ic 
values of  the system parameters. steady s ta te  i s  considered t o  be represented by a 
(b)  L i m i t  cyc le  o f  the f i r s t  kind: The closed o r b i t  bundle o f  o r b i t s  where the bundle i s  asymptot ical ly 
represented by a pe r i od i c  so lu t i on  o r b i t a l l y  s tab le  but  contains i n f i n i t e l y  many un- 
O( t )  = + ( t ) ,  + ( t  + T) = + ( t ) ,  ( 5 )  stab le  per iod ic  o rb i t s .  
i s  c a l l e d  a l i m i t  cyc le  o f  the f i r s t  k i n d  provided 
every so lu t i on  o f  (1)  o r  (2 )  tends t o  t h i s  o r b i t  as 
t + -. 
(c)  L i m i t  cyc le  o f  the second kind: When e ( t )  along 
a l i m i t  cyc le  i s  represented by 
e ( t )  = ~ ( t )  + 2nt/T, + ( t  + T) = $ ( t ) ,  (6) 
the  corresponding o r b i t  i s  ca l l ed  a l i m i t  cyc le  o f  
the second kind. 
Examples o f  equ i l i b r i um points,  l i m i t  cycles o f  the  
f i r s t  and second kinds are i l l u s t r a t e d  i n  Figure 1. 
( c ' )  N-kai* l i m i t  cycle o f  the second kind: Special 
cases o f  l i m i t  cycles of the second k ind are closed 
o r b i t s  w i t h  phase space periods which are mu l t i p l es  
o f  2n. I n  these cases the corresponding steady 
s ta tes  take the form 
2.2 REGIONS FOR DIFFERENT TYPES OF STEADY STATES 
AND BIFURCATIONS BETWEEN THEM 
Figure 2 shows the regions on the (L, a)-plane i n  
which d i f f e r e n t  steady s ta tes  are observed i n  the 
computer simulated system described by (1).  Figures 
3a and 36 are the regions f o r  (2).  
I n  these f igures,  s tab le  equ i l i b r i um points e x i s t  
t o  the l e f t  o f  the  boundary curves P. These equi- 
l i b r i u m  po in ts  become unstable t o  the r i g h t  o f  P 
cas t ing  o f f  a s tab le  l i m i t  cycle o f  the f i r s t  k ind  
which surrounds i t .  This b i f u r c a t i o n  shows a close 
resemblance t o  the Hopf b i f u r ca t i on  i n  the ODE sys- 
tems. Above the boundary curves Q, there ex i s t s  a 
l i m i t  cycle of the  second kind. I t  disappears be- 
8 ( t )  = $,,,(t) f 2Nnt/TN, $ N ( t  + TN) = ~ ~ ( t ) ,  (7)  low '' 
f o r  some l e a s t  i n tege r  N. For la rge values of L, various steady states have 
(d )  Chaotic steady states:  There sometimes appear been observed. Some of them are so complicated 
chaotic steady s.tates in spite of the perfectly de- t h a t  i t  i s  almost impossiole t o  locate  t h e i r  bound- 
- ar ies .  Under such s i tua t ions ,  on l y  representat ive 
* We introduce the Japanese word "ka i "  here which boundaries are depicted in Figures and 3. In 
means "t imes" o r  "rounds!' I t  has the features o f  
being shor t  and gives exact ly  the cor rec t  meaning these f igures,  hatched l i n e s  are used w i t h  the same 
desired. meaning and w i l l  be seen i n  connection w i t h  the ex- 
Figure 4-11. Steady s ta te  a t  the  p o i n t  
i n  Figure 2 (6 = 0.8 and L = 2.0). 
Figure 3. Regions o f  d i f f e r e n t  steady s ta tes  
f o r  the system represented by ( 2 ) .  
(a)  5 = 1 / f i  and 8 = 0.5. 
(b )  5 = 1 1 0  and = 0.1. 
Figure 4-IV. Steady states a t  the p o i n t  I V  
i n  Figure 3b (6  = 0.53 and L = 1.5) .  
Figure 4-1. Steady s ta te  a t  the  p o i n t  
i n  Fugure 2 (6 = 0.3 and L = 2.0). 
Figure 4-111. Steady s ta te  a t  the p o i n t  
i n  Figure 3a (6  = 0.5 and L = 2.5). 
Figure 4-V. Steady s ta tes  a t  the p o i n t  V 
i n  Figure 3b (6 = 0.1 and L = 1.5). 
Figure 4-VI. Steady s ta te  a t  the po in t  V I  
i n  Figure 3a (6 = 0.05 and L = 2.5). 
amples o f  steady s ta tes  i n  the  f o l l ow ing  section. u re  2. Th is  example demonstrates the great  com- 
2.3 REPRESENTATIVE EXAMPLES OF SELF-EXCITED 
OSCILLATIONS 
I n  order t o  i l l u s t r a t e  the regions o f  the (L, 6)-  
plane, we show the steady states a t  s i x  represent- 
a t i v e  sets o f  parameters (L, 6) ind ica ted by I, 11, 
... V I  i n  Figures 2 and 3. 
Figure 4-1 shows a l i m i t  cyc le  o f  the f i r s t  kind. 
The mathematical p roof  o f  the existence o f  the  pe- 
r i o d i c  so lu t i on  f o r  t h i s  case was proved by Furu- 
mochi [2]. Figure 4-11 shows a l i m i t  cyc le  o f  the  
second kind. An example o f  a 2-kai l i m i t  cyc le  o f  
the  second k i n d  i s  shown i n  Figure 4-111. I n  the 
cases o f  Figures 4-IV and V, there  are two possi- 
b l e  steady s ta tes  and which one occurs depends on 
the i n i t i a l  condi t ions.  Figure 4-VI shows a cha- 
o t i c  steady s ta te  w i t h  a waveform 6 ( t ) .  
2.4 BIFURCATIONS OF THE STEADY STATES 
Figure 5a shows an example o f  a b i f u r c a t i o n  i n  
which the parameter 6 i s  decreased w i t h  L = 2.0 i n  
(1). The locat ions  of those parameter values are 
i nd i ca ted  by a, b,. . f i n  Figure 2. We can see 
t h a t  the l i m i t  cyc le  o f  the second k ind disappears 
a t  some value o f  6 between 0.58 and 0.57 and a 
l i m i t  cyc le  o f  the  f i r s t  k i n d  then appears. This 
s i t u a t i o n  has some resemblance t o  the case of ODE 
systems i n  which l i m i t  cycles approach a saddle t o  
saddle separa t r ix  and then cease t o  ex i s t .  In -  
creasing 6 from zero, the  l i m i t  cyc le  o f  the f i r s t  
k i nd  converges t o  the s tab le  equ i l ib r ium po in t  on 
the boundary P and the p o i n t  continues t o  e x i s t  
p l  e x i  t y  o f  the  phenomenon. 
Figure 6 i s  another example i n  which 6 i s  increased 
w i t h  L = 2.5 i n  ( 2 ) .  The locat ions  o f  the  param- 
e ters  are ind ica ted by m, n,. . . 5 i n  Figure 3a. 
These f igures  show the t r a j e c t o r y  doubling b i f u r -  
cat ions e x p l i c i t l y  and i t  seems t h a t  chaot ic 
steady s ta tes  occurs through a cascade o f  the  b i -  
furcat ions.  These s i t ua t i ons  also c l ose l y  resem- 
b l e  the case o f  ODE systems. 
3. CONCLUSION 
By using a hyb r i d  computer, experimental studies of 
the  steady states o f  nonl inear d i f f e r e n t i a l - d i f f e r -  
ence equations (1) and (2) have been ca r r i ed  out. 
From these resu l ts ,  various types o f  se l f -exc i ted  
o s c i l l a t i o n s  and t h e i r  b i f u r ca t i ons .  under var ia-  
t i o n s  o f  the system parameters have been c l a r i f i e d .  
The resu l t s  reported here deserve f u r t h e r  mathemat- 
i c a l  a t ten t ion .  
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